Nonclassical joint distributions and Bell measurements by Masa, Elisa et al.
ar
X
iv
:1
90
9.
05
20
6v
2 
 [q
ua
nt-
ph
]  
17
 Ju
n 2
02
0
Nonclassical joint distributions and Bell measurements
Elisa Masa, Laura Ares, and Alfredo Luis∗
Departamento de O´ptica, Facultad de Ciencias F´ısicas, Universidad Complutense, 28040 Madrid, Spain
(Dated: June 18, 2020)
Derivation and experimental violation of Bell-like inequalities involve the measurement of in-
compatible observables. Simple complementarity forbids the existence of such joint probability
distribution. Moreover, the measurement of incompatible observables requires different experimen-
tal procedures, which no necessarily must share a common joint statistics. In this work, we avoid
these difficulties by proposing a joint simultaneous measurement. We can obtain the exact individ-
ual statistics of all the observables involved in the Bell inequalities after a suitable data inversion.
A lack of positivity or any other pathology of the so retrieved joint distribution is then a signature
of nonclassical behavior.
I. INTRODUCTION
Bell-like tests provide a powerful tool for testing, re-
vealing and developing fundamental concepts at the very
heart of quantum physics, involving quite basic ideas such
as entanglement, reality, nonlocality, and even free will
[1–3]. Violations of the Bell inequalities provide a very
valuable insight in our knowledge of nature.
A key point of Bell inequalities is that their deriva-
tion and experimental violation involve the measurement
and joint statistics of incompatible observables. This is a
rather interesting point since it has been shown that Bell
inequalities can be derived just from the simple hypoth-
esis of the existence of a joint probability distribution
for the observables involved, without resorting to realism
or nonlocality [4–9]. Therefore, from the very beginning,
complementarity forbids the existence of such joint prob-
ability distribution, so the violation of Bell inequalities
might not be so surprising after all. Alternatively, the
measurement of incompatible observables requires differ-
ent experimental procedures, that no necessarily must
share a common joint statistics. This is a kind of prac-
tical contextuality, so to speak [8–16]. Thus, this com-
plementarity issue really obscures the real meaning and
consequences of the Bell inequalities.
In this work we propose an alternative approach that
may avoid these difficulties. We propose that the statis-
tics of all the observables involved in the Bell test are to
be obtained from a single joint measurement of several
compatible observables measured in one and the same ex-
perimental arrangement. These compatible observables
can be regarded as fuzzy or noisy counterparts of the
Bell-test observables. The key point is to design the joint
measurement such that its statistics provides the exact
statistics of all the observables involved in the Bell in-
equalities after a suitable data inversion [17–23].
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The classical-physics version of such data inversion al-
ways provides the actual joint probability distribution of
the corresponding Bell-test observables, that always ex-
ists in classical physics. However, this is not the case
in quantum mechanics since some of them are incom-
patible observables. In this work we show that lack of
positivity or any other pathology of the so retrieved joint
distribution is directly linked to the violation of the Bell
inequalities [4].
The point is that in this joint-measurement approach
the final conclusions are no longer obscured nor dimin-
ished by practical contextuality problems. In this ap-
proach all observables are compatible and are measured
in one and the same experimental arrangement. But nev-
ertheless we show that they contain all the information
required to test the Bell inequalities as required by the
standard approach.
II. METHOD
A. System and joint measurement
As usual, our system will be made of two subsystems
A and B, both described by a two-dimensional Hilbert
space, which may be the case for example of the polariza-
tion of two photons in two distinguishable field modes.
We consider arbitrary observables defined separately in
each subsystem A,B. These are X,Y in the subsystem
A, and U, V in the subsystem B. All them will be de-
scribed by positive operator-valued measures (POVMs)
of the form
∆W (w) =
1
2
(σ0 + wSW · σ) , (1)
for W = X,Y, U, V , with w = x, y, u, v = ±1 the two
only values allowed for each observable, being σ the Pauli
matrices, and σ0 is the identity. SW are real vectors with
|SW | ≤ 1, so that ∆†W (w) = ∆W (w) and ∆W (w) > 0.
These are dichotomic observables that are essentially spin
or polarization measurements performed along a suitable
spatial direction which is specified by SW .
2For each subsystem A,B we consider a joint measure-
ment of the corresponding two observables, described by
the most general POVMs for dichotomic observables in
a two-dimensional space
∆˜A(x, y) =
1
4
[
σ0 + S˜A(x, y) · σ
]
,
(2)
∆˜B(u, v) =
1
4
[
σ0 + S˜B(u, v) · σ
]
,
with
S˜A(x, y) = xγXSX + yγY SY + xyγXY SXY ,
(3)
S˜B(u, v) = uγUSU + vγV SV + uvγUV SUV ,
where γX,Y,U,V are real factors expressing the accuracy
in the observation of each observable, and γXY,UV addi-
tional factors not related to the individual statistics but
with information provided by the measurement beyond
X,Y and U, V . In any case, the γ factor must be always
chosen to ensure that |S˜A(x, y)| ≤ 1, |S˜B(u, v)| ≤ 1 so
that ∆˜†A,B = ∆˜A,B and ∆˜A,B > 0.
The complete measurement is then described by the
POVM product
∆˜A (x, y)⊗ ∆˜B (u, v) , (4)
leading to a jointly observed statistics
p˜(x, y, u, v) = tr
[
ρ∆˜A (x, y)⊗ ∆˜B (u, v)
]
, (5)
where ρ is the density matrix of the complete system.
These measurements are slightly more sophisticated than
a simple Stern-Gerlach or a polarization measurements,
being characterized by three spatial directions instead
of just one. Nevertheless, they still admit suitable sim-
ple experimental implementations, and, for example, the
joint statistics (5) can be obtained in an eight-port ho-
modyne detector [22, 24, 25].
Note that in principle the POVMs ∆˜A (x, y), ∆˜B (u, v)
involve all the three Pauli matrices, even though we are
just interested in two dichotomic observables in each sub-
system. This is because we are interested in deriving
conclusions in the most general scenario possible. In this
spirit we do not specify yet any particular expression for
the vectors SX,Y,U,V , SXY,UV , since any choice would be
equally valid regarding the conclusions. Nevertheless, for
the sake of clarity we present some particular examples
in Sec. 5.
B. Inversion procedure
The POVMs ∆˜A (x, y) and ∆˜B (u, v) are assumed to
provide complete information about the corresponding
observables X , Y and U , V , respectively, so that the ex-
act statistics of each ∆W is contained in the correspond-
ing marginal ∆˜W . For example, for W = X we have the
marginal POVM
∆˜X(x) =
∑
y=±1
∆˜A (x, y) , (6)
leading to
∆˜X(x) =
1
2
(σ0 + xγXSX · σ) , (7)
and equivalently for all the other POVMs.
Thus, we assume that for each W there are state-
independent functions µW (w,w
′) so that the exact
∆W (w) in Eq. (1) is obtained from the marginal ∆˜W (w)
in Eq. (7) as
∆W (w) =
∑
w′=±1
µW (w,w
′)∆˜W (w
′) . (8)
It can be easily seen that these functions are
µW (w,w
′) =
1
2
(
1 +
ww′
γW
)
. (9)
Applying the inversion procedure to the complete mea-
surement (4) we get the family of operators ∆A (x, y) ⊗
∆B (u, v) where
∆A (x, y) =
∑
x′,y′=±1 µX(x, x
′)µY (y, y
′)∆˜A (x
′, y′) ,
(10)
∆B (u, v) =
∑
u′,v′=±1 µU (u, u
′)µV (v, v
′)∆˜B (u
′, v′) ,
leading to
∆A(x, y) =
1
4
[σ0 + SA(x, y) · σ] ,
(11)
∆B(u, v) =
1
4
[σ0 + SB(u, v) · σ] ,
with
SA(x, y) = xSX + ySY + xy
γXY
γXγY
SXY ,
(12)
SB(u, v) = uSU + vSV + uv
γUV
γUγV
SUV .
Finally the inferred joint distribution is obtained as
p(x, y, u, v) = tr [ρ∆A (x, y)⊗∆B (u, v)] . (13)
We have to stress that in classical physics this inversion
procedure always leads to a proper joint probability dis-
tribution [21, 22].
3III. INVERSION AND STATISTICS FOR AN
ARBITRARY STATE
Now we apply the inversion procedure to a general case
in order to analyze the possibles pathologies of the joint
distribution in parallel with the main features of the Bell
scenario.
A. System state
For the purpose of obtaining the maximum general-
ity, we describe the complete system state via the most
general density matrix that can be always expressed as
[26, 27]
ρ = 1
4
(σ0 ⊗ σ0 + (14)
3∑
i=1
aiσi ⊗ σ0 +
3∑
i=1
biσ0 ⊗ σi +
3∑
i=1
ciσi ⊗ σi),
for i = 1, 2, 3, where σi are the Pauli matrices and a =
{ai}, b = {bi}, c = {ci} are real vectors.
B. Obtaining statistics
Equivalent expressions hold For the state (14) we have
that the observed joint statistics and the inferred distri-
bution are:
p˜(x, y, u, v) = (15)
1
16
[
1 + a · S˜A(x, y) + b · S˜B(u, v) +
3∑
i=1
ciS˜Ai S˜Bi
]
,
and
p(x, y, u, v) = (16)
1
16
[
1 + a · SA(x, y) + b · SB(u, v) +
3∑
i=1
ciSAiSBi
]
,
where S˜A, S˜B, SA and SB are in Eqs. (3) and (12),
while SAi are the corresponding vector components.
Let us stress that there are restrictions on the modulus
of S˜A,B since they determine the statistics of measured
observables, and also restrictions on the modulus of all
SX,Y,U,V since they determine the true statistics of the
corresponding observables. However, there are no such
restrictions of modulus for SA,B. And this allows for the
appearance of pathologies in the inferred statistics (16)
depending on the system state ρ.
Before showing this let us examine all marginals of
this joint distribution p(x, y, u, v) to properly complete
the analysis. The one-observable marginals are by con-
struction the exact ones:
pW (w) =
1
2
(1 + wa · SW ) (17)
for W = X,Y , w = x, y, and
pW (w) =
1
2
(1 + wb · SW ) (18)
for W = U, V , w = u, v. The joint A and B marginals
are:
pX,Y (x, y) =
1
4
[1 + a · SA(x, y)],
(19)
pU,V (x, y) =
1
4
[1 + b · SB(u, v)].
The cross two-observable marginals:
pX,U (x, u) = (20)
1
4
(1 + ub · SU + xa · Sx + xu
∑
ciSXiSUi) ,
and equivalently for pX,V , pY,U , and pY,V . At difference
with Eq. (19) this is the joint statistics of two commut-
ing observables X and U , so it has no problem to be
defined directly in terms of their common eigenvectors.
Let us briefly show that actually Eq. (20) is exactly the
true joint distribution for X and U , as a further proof
of the validity of our method. To this end we recall that
the POVM elements associated to X and U are, in their
corresponding Hilbert spaces,
∆X(x) =
1
2
(σ0 + xSX · σ), ∆U (u) = 1
2
(σ0 + uSU · σ),
(21)
so that the joint statistics is
pX,U (x, u) = tr [ρ∆X(x) ⊗∆U (u)] . (22)
For the state (14) and using the good properties of Pauli
matrices under the trace we readily get that this is ex-
actly the same in Eq. (20).
More interesting results arise for three-observable
marginals such as
pX,U,V (x, u, v) = (23)
1
8
[
1 + b · SB(u, v) + xa · SX + x
3∑
i=1
ciSXiSBi(u, v)
]
.
Equivalent expressions hold for pY,U,V , pX,Y,U , and
pX,Y,V . These are maybe the most interesting marginals
for our purposes since it is the pathology of these dis-
tributions which is responsible for the violation of Bell
inequalities, as we show next. This is because they are
the simplest distributions containing both observables of
subsystems A and B as well as two complementary ob-
servables such as X and Y .
4IV. PATHOLOGY AND VIOLATION OF BELL
INEQUALITIES
Let us show explicitly that violation of Bell-like in-
equalities implies that the retrieved joint distribution
p(x, y, u, v) takes negative values, in agreement with
Fine’s theorem [4]. To this end we use Bell-like inequal-
ities expressed directly in terms of probabilities [4, 7].
This is that the existence of a legitimate probability dis-
tribution p(x, y, u, v) implies the satisfaction of four dou-
ble inequalities of the form, for x, u = ±1:
0 ≥ pX,U (x, u)− pX,V (x, v) + pY,U(y, u) + pY,V (y, v)
−pY (y)− pU (u) ≥ −1, (24)
and three other equivalent relations obtained by suitably
permuting the observables.
We define C as the nucleus of the Bell-like double in-
equality (24):
C = pX,U (x, u)− pX,V (x, v) + (25)
pY,U(y, u) + pY,V (y, v)− pY (y)− pU (u),
so that the inequalites are
0 ≥ C ≥ −1. (26)
Now, starting from the expressions (20) and (23) for
the two- and three-observable marginals, it can be proved
that
Σ = pX,U,V (x, u,−v) + pX,U,V (−x,−u, v) (27)
+pY,U,V (y, u, v) + pY,U,V (−y,−u,−v)
= C + 1,
that can be derived also using general properties of the
probability distributions. Note that if there were a le-
gitimate joint distribution then 1 ≥ Σ ≥ 0. It must
be nonnegative since it is a sum of probabilities and is
less than or equal to one since, for all W = X,Y and
w = x, y = ±1 we have
pW,U,V (w, u, v) ≤ pU,V (u, v), (28)
and therefore
Σ ≤ pU,V (u,−v) + pU,V (−u, v)
+pU,V (u, v) + pU,V (−u,−v) = 1. (29)
If we replace C = Σ − 1 in Eq. (26), the Bell-like
inequalities are equivalent to:
1 ≥ Σ ≥ 0. (30)
Therefore any of the violations of the Bell-like inequalities
means either Σ < 0 or Σ > 1, which are incompatible
with a legitimate joint distribution.
Consequently, our scheme provides a nice and useful
realization of the more abstract scenarios on the subject.
V. EXAMPLES
For the sake of clarity let us illustrate our approach
with some typical examples of Bell tests. As physical
system we consider the usual singlet state, that has the
same form in any basis,
|ψ〉 = 1√
2
(|+〉A|−〉B − |−〉A|+〉B) , (31)
where |±〉A,B are the eigenstates of a given Pauli matrix
in the corresponding subsystem. In the density-matrix
form in Eq. (14) this is
ρ =
1
4
(
σ0 ⊗ σ0 −
3∑
i=1
σi ⊗ σi
)
. (32)
Regarding the measurements invoked in the Bell test let
us consider a very simple scenario with observables mea-
sured along the directions in some plane XY specified by
angles α, α′, β and β′
SX = (cosα, sinα, 0) , SY = (cosα
′, sinα′, 0) , (33)
and
SU = (cosβ, sinβ, 0) , SY = (cosβ
′, sinβ′, 0) , (34)
with
SXY = SUV = 0. (35)
Let us consider two simple options. In the first case
α = 0, α′ =
pi
2
, β =
3pi
4
, β′ = −3pi
4
, (36)
for which, by direct computation of the corresponding
probabilities we get for x = −y = −u = v = 1 that C
and Σ in Eqs.(25) and (27) are
C = −1
2
− 1√
2
= −1.21, Σ = 1
2
− 1√
2
= −0.21, (37)
violating Bell inequality with a retrieved joint distribu-
tion p(x, y, u, v) incompatible with standard statistics. In
particular p(1− 1,−1, 1) = −0.026.
As a second typical example let us consider
α = 0, α′ = 0.375pi, β = 2α′, β′ = 3α′, (38)
for which, by direct computation of the corresponding
probabilities we get for the same x = −y = −u = v = 1
that
C = −1.18, Σ = −0.18, (39)
violating Bell inequality with a p(x, y, u, v) incompatible
with standard statistics, in particular p(−1,−1, 1, 1) =
−0.06.
5VI. CONCLUSIONS
We have presented an alternative approach to Bell-
like scenarios with many fruitful possibilities. It provides
a suitable arena to investigate basic quantum features
such as complementarity, entanglement, nonclassicality
within one and the same framework, avoiding previous
assumptions that may obscure the proper elucidation of
these basic features.
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